
Eay, Sep 14
,
Lecture 10 : The Spectral The

Last time :

A linear operator
T : V-V is diagonalizable .

I

there is a
basis of V of eigenvectors (v , ,

. .
.

,
vn3 :

Tv . = Siv ;
[

(Equivalently ,
if there isn change-of-basis matrix

which diagonalizes the matrix [T]
in some basis :

[TT = SDS (

· Inner products , arthogonality ,
projections

Question: when can a linear operator T: V-V be
&

diagonalizat ?

Det:OrthogoProjection with inter protect (ii) ,

s

and letU be a subspace at V.

The of theyanaprojection P :V,
V is the linear map satisfying

Dran(P) :U (P projects onto US

②P2 = P IP acts as identity on U : if well
,
Pu =u)

,

③ <Pv ,
w) =<v

,
Pw) for all v

,
weV

.

(P is self-adjoint)
& Two special casesof

,

to be discussed :

· P = pT (real restor spaces)
· P = pt (complex vector spaces)



Diagonalizing Projections :

· If I hason and [V , ...,
um]

,

it can be computed as

before :
&

Pu = (u ,
v>u

,
+.. - + [mirum .

Notice : ifwell ,
then Pr = v

if rent
,

then Pr = 0
.

This means P is diagonal in theond Eu , ,
. . . ,mm .....Vn] :

[P]= ...., zuI :....]zu+

Let's say more about condition B .

↓ef : Transpose
and Atjoint :

Let V be a
Hilbert space over R lover D)

a let A : V+ V be linear. The Espose (joint)
of A

,
AT (At) is the linear map↳ 7 Av ,

w) = Yv ,
ATw]

<N v
,
w) = < V

,
Atw)



↳ be an men matrix.

· TheEaspose of M is the matrix MT

M = ( mi) M
= ( wii)

Ex :

(i) = 12)
complex

(123)T = (2) conjugat(

· The abigint of M is the matrix Mt .Thit
"

Ex :

(ii)
"

= (vi)

#property) with bot product :

M

(v
,
w > = v.w = [V ,

W
;

i = 1

<V
,
2) = Viv=W ;

Thin
<Mr ,

w] = <v ,

Mi>

< Mr
,
w) = <v

,
M

+

w)



Pperties : A
,

B are nun matrices
,

ae R Core)

· Linearity : (aA + B)T =
aA+

BT (Antilinearity : (ak +B(EHEB))

·

(AB)T = BAT

· (AT)T = A

· det (AT) = Jet (x) .

Def : Orthogonal , unitary
-

We call an man realmagn
We call an nxn complex matrix I unitary if

unt = n
+
u = 1

Fact :

-

The columns of an erthogonal (or unitary) matrix O

form an
orthonormal Jusis of M (0r() :

o : [t ...]
and so O represents a change-of-basis between
two orthogonal matrices .

They preserve length and angle since for
any v

,
weR"

,

(Ov ,
Ow) = (v

,
otou) = <v

,
1w) = <V

,

W>.

Geometrically ,

this means every orthogonal matrix
represents a combination of two fundamental maps :

· Rotation : On
W

·
Reflection :a



SpectralTheore is "symmetrica

Then A has an
orthonormal basis of eigenvestors,

i
. e .

there is an orthogonal change-of-basis matrixO
which diagonalizes N :

A = ODa
+

=a)" ... x)0%

Complex : if A= N
+ (self-abjoit) ,

then

↑ = U)". .. x)Ut with U unitary and

the eigenvalues X : are real.

Intuition : Take a linear map
M: RV-RC and

find its matrix in the standard Jusis [MEst
.

zig

·#
[M]s + J

↓ D
s ↑ = # eig->



Ex : Classical phonons in solids (a Sneak peek of Fourier Transfor

Imagine a
burch of atoms arranged in a ring :

I

nowm n
is very large

8 (n+9)

Each one interacts with its nearest neighbor with

periodic boundary cambitions)
,

modeled as a spring.

· They each oscillate
around an equilibrium position :

& ⑨... x; = displacement
--- -

H H
H of ith atom

Yi-1 X ;
Yi+ 1 from equilibrium .

Leti potential energy of the system

spring construt

↓
Hooke's law

↓m
& to : ~

·
So Newton's lar gives

mij=-
= c-

xj-
+ 2xj - xj + 1)

This gives a matrix equation :

- I
G

-
-



Spectral theorem : L : <T
,

so Zend of eigenvectors and

· the eigenvalues of Love real .

Actually ,

this matrixisit too hard to diagonalize :

-

its eigenvectors Vo ,, .
. ..,-,

are "plane woves :

Note : using
~

m
: ei F eit :

cost + isint
,

~

( ( we can make these

real eigenvectors .
But

the algeted is annoying .

Check : the jth entry of

Lv= k

:jikijk ;zjt
- l +2e - e = Xijk

R
11

R(ei22co=e
-

: Xp = -2c*R +2 eigenvalues up are real
,

as provised.

Expand x(t) in this eigenbasis
at each time :

(t)vn
- 1

x(t) = y
,
(t)v + ...

X
n - 1

so plugging in LVp = XmY into #) ,

== (x(t) = =(x)v + X
,

X
,
(..



This diagonalization has deplet the nequations :

for each J ,

j
. (t) = Xjz xj(t)
J

The
"

+

"

solution

=Fitt F efic is unphysical :

- x
.

(t) = e thesewavesr
with

S time !

So the full solution is
-Fit
,t +...

+2n#X(t) = e

· Fint +
ue

= +...+ C

↑ ↑
linear combo of plane waves !

So : we should really think of the displacements x (t)

as a linear combo of waves :

Vo =

v = v Xp= 2 -
2

I
-

"

v =e

Since bigger Xu give faster
oscillations ,

Fr

Xp=
2-
2

the e-Ft causes
thesewaresi nto decay faster !



This will return !
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